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Abstract 
Boundary reflection is an important problem of numerical simulation in limited domain. Perfectly matched layer 
(PML) absorbing boundary condition (ABC) is one of the best choices to eliminate boundary reflection. Generally, 
forward modeling needn’t consider PML ABC in free surface, but in prestack reverse time migration, false events 
will be existed due to the free surface reflection. The goal of this article is to derive the PML ABC formulas of 
second-order finite element acoustic wave equation based on rugged topography in displacement form and apply it in 
finite element numerical simulation in rugged topography. Several numerical modeling results are compared. The 
numerical results show that PML ABC based on rugged topography obtains a much better boundary absorption effect 
than that of CE ABC, which shows the advantages of this method. So it will eliminate the fault events result from the 
free surface reflection in prestack reverse time migration based on rugged topography. 
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1. Introduction 
Numerical simulation is an effective way to study the propagation laws of seismic wave. Prestack 
reverse time migration [1]  imaging based on cross correlation conditions [2] is the cross correlation stacking 
of forward and backward propagation wave field. It’s necessary to introduce a limited computational 
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domain enclosed by the target region for the numerical simulation of wave propagation. Finite element or 
finite difference method is used to get the discrete expressions of wave equation and boundary condition, 
which are necessary for the numerical simulation of wave propagation in a certain region. In order to 
avoid the artificial boundary reflection in the numerical simulation, certain artificial boundaries of the 
computational domain were introduced, which is called absorbing boundary condition. On the base of 
paraxial approximations, Clayton and Engquist [3] presented the Clayton Engquist ABC of 2D acoustic 
wave equation. Peng and Toksoz [4] presented optimized boundary condition. Chew [5] presented a new 
ABC called perfectly matched layer (PML), which has the remarkable property of having a zero reflection. 
PML has been used in the first-order acoustic wave equation, which is expressed in velocity-stress form. 
Free surface absorbing need not be considered in forward modeling. As mentioned above, in prestack 
reverse time migration based on cross correlation condition, imaging at subsurface can be realized by the 
summation of cross correlation of forward and backward propagation wave fields, so free surface 
absorbing must be considered to eliminate false events result from free surface reflection. It’s relatively 
simple to add PML boundary to a region with horizontal free surface with finite difference method, but it 
is not convenient in rugged topography. In this paper second-order acoustic wave equation is used in 
displacement form and the corresponding PML formulas are derived as follows. 
2. PML Absorbing  Boundary Condition for 2D Acoustic Wave Equation 
                                     
 
The 2D acoustic wave equation in rectangular Cartesian coordinate system ( , )x y is 
2 2 2
2
2 2 2
u u u= c ( + )
t x y
෕ ෕ ෕
෕ ෕ ෕                                                                (1) 
and its wave equation in frequency domain is 
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Where, ω denotes frequencyˈand c denotes wave speed. The solution of equation (2) can be expressed 
as exp[ ( . )]A i k x tZ . Where, A  denotes amplitude, x yk k x k y   and ,x yk k are Cartesian Coordinate 
components. PML aims at building a new wave equation, so that the solution can be expressed as 
exp[ ( . ) ]A i k x t x Z J , γ>0. Then the wave field will has an exponential decay in x direction, which 
makes the reflectivity between the computational domain and PML domain tend to zero. There, we 
introduce a new variable x x i  J . Then equation (2) can be expressed as 
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Fig.1. The sketch map of PML domain Fig.2. Triangulation mesh of the computational domain 
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The horizontal plane through the highest point of the rugged topography intersects the left PML domain 
at 0x  , which define the point as 0x  . In PML domain, 0x ! , n  is defined as the normal vector of 
the intersection of computational domain and PML domain, and the direction at which n  increases is 
defined as axis x . (Fig. 1) 
The expression of solution of equation (3) is exp[ ( )] exp[ ( ) ]x y xA i k x k y t A i k x t xZ Z J     , in 
which γ is a key factor. Firstly we define an attenuation function d , which satisfies 0d  in 
computational domain and 0d ! in PML domain. Let 
0
1 ( )
n
d s dsJ Z ³ . Now we define a complex 
coordinate n  
n
0
in(n)= n - d(s)dsω ³                                                            (4) 
then     
n iω=
iω+d(n)n
෕
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Taking direction x  as a example, the new complex coordinate is x , then  x iω=
iω+ d(x)x
෕
෕ .  
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Thus, equation (3) can be written as 
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Equations (8) are the differential equations we expect to get after applying Laplace inverse transform to 
the equation (7). The plane wave solution has an exponential decay. 
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Let 
2
2
1 3c xd(x)= log( )
R 2δ δ                                                                  (9) 
Where G  denotes the width of PML domain, R denotes reflectivity, and usually 0.1R  [14]. The same 
results can be gotten in y direction. 
2.1. Finite Element Acoustic Wave Equation with PML ABC  
Based on the deduced formulas above, FEM triangulation mesh are ideal in simulating the rugged 
topography and complex structures. Only do spatial discrete to the acoustic equations with PML, that is  
nd
j j
j=1
u(x,z,t)= N (x,z)α (t)¦                                                            (10) 
Where, ( , )jN x z  is the interpolation function on the node j , ( )j tD  is the time function on the node j , 
and nd  is the total number of all the nodes. Take direction x  as an example, substitute u  in (8) with 
equation (10). Apply weighted residual method to Galerkin-finite element control equation (8), the 
equivalent integral weak form is 
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where, 1M  is lumped mass matrix, 2M is damping matrix, 3M is stiffness matrix. 
2.2. Explicit time-extrapolation using central finite difference method 
After spatial discrete, we can get coefficient matrices for all units and field vector u  at time t . Then 
the first and second derivatives using central finite difference are 
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The seismic source is a delayed Ricker wavelet located at nu  in this paper. Wave field 3 4,u u  in 
direction y  can be obtained in the same way. The wave field at next time is: 
1 1
1 1 12 2
1 2 3 4
n nn n nu u u u u
        
3. Examples 
In order to test PML absorbing effect based on finite element method in rugged topography, a model 
(see Fig. 3) is designed. The seismic source locates at the centre of the computational domain. The 
absorbing effect of PML ABC is compared with that of paraxial approximation ABC which is considered 
to be an effective method in absorbing free surface reflection. The model velocity is 5000m/s, grid size is 
5m×5m, grid dimensions are 501×501. Fig. 4 show snapshots computed by finite element method 
modeling based on rugged topography. 
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Fig. 4. (a) to Fig. 4. (e) are snapshots computed by finite element method with the two different ABC. 
Fig. 4a shows snapshot which has not reached the boundary. Fig. 4b to Fig. 4e shows snapshots which 
have reached the boundaries. From Fig. 4 we can see that the CE ABC absorb much of incident wave 
energy, but boundary reflections can still be seen in Fig. 4. (b) and Fig. 4. (d). However, PML ABC 
significantly absorbs boundaries reflections in Fig. 4. (c) and Fig. 4. (e).  
We can analyze quantitatively the energy of free surface reflection with CE ABC and PML ABC from 
the seismogram of a receiver which is located on the free surface. From Fig. 5, we can also see that there 
is a much better absorption effect for PML ABC than that for CE ABC. 
4. Conclusions 
We have developed for acoustic wave modeling with finite element method based on second-order 
form acoustic wave equation in rugged topography and compare the absorption effect of PML with that of 
CE. The modelling examples demonstrated that PML ABC with finite element method in topography 
significantly absorb boundary reflections. 
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Fig. 3. Velocity model Fig. 4. (a) t=150ms Fig. 4. (b) t=300ms, CE  Fig. 4. (c) t=300ms, PML 
Fig. 4. (d) t=350ms, CE Fig. 4. (e) t=350ms, PML Fig. 5. Seismogram of geophone (a) CE ABC; (b) PML ABC 
